Introduction
Quarks are the fundamental fermions that make up baryonic matter in the universe. In the Standard Model (SM) of elementary particles quarks come in six flavours, organized in three families,
up (u) down (d) charm (c) strange (s) top (t) beauty (b)
.
The up-type quarks (top row) have charge 2 3 e while the down-type quarks (bottom row) have charge − 1 3 e. We denote these quarks with the symbol q i where the index refers to the flavour. Quarks have mirror images called anti-quarks, which we denote with the symbolq i . Their physical properties are identical to those of the quarks, except that they have opposite quantum numbers for charge and flavour.
In the SM only the charged weak interaction, mediated by the charged W boson, can change quark flavour. It leads to couplings of the form u → W + d, where the transition is always between an up-type and a down-type quark. The strength of the coupling is proportional to the weak coupling constant and to the elements of a complex unitary matrix that is called the Cabibbo-KobayashiMaskawa (CKM) matrix and is usually represented as
The off-diagonal elements of V ckm are responsible for transitions between the three quark families. They are small compared to the on-diagonal elements, which are all close to unity. For three generations the V ckm matrix can be parametrized by four real numbers, namely three rotation angles and one phase. The non-zero value of this phase is the single source of CP violation (a difference between matter and anti-matter) in the quark sector of the SM. 1 In 2008 Kobayashi and Maskawa were awarded a Nobel prize for their explanation of CP violation with this mechanism. In a sense they predicted the existence of the charm, beauty and top quark well before their discovery.
Mesons are bound states of a quark q i and an anti-quarkq j . (The top quark does not appear in bound states as it decays too quickly.) The lowest-energy states of mesons with quarks with different flavour -those with no net orbital angular momentum -can only decay via the weak interaction and are therefore meta-stable, with lifetimes in the range of 10 −13 to 10 −7 seconds. If the q iqj combination is neutral, a phenomenon occurs that is called mixing: the mass eigenstates of such mesons are quantum-mechanical superpositions of the flavour eigenstate q iqj and the CP -conjugate flavour eigenstateq i q j . As a result a meson created in a q iqj state may decay as aq i q j state with a probability that changes as a function of time. Table 1 lists the average decay times and oscillation period of the four mesons that are subject to mixing. Table 1 : Neutral charm and beauty mesons with approximate mass, lifetime and mixing period. 2 In the K 0 system there are two states with very different lifetime. Below only the lifetime of the short-lived state, the K short , is shown. The transition amplitude that governs neutral meson mixing is an example of a so-called flavour-changing neutral current (FCNC). In the SM neutral meson mixing occurs via a second order weak amplitude, depicted for B 0 s mesons in Fig. 1 . As such processes are heavily suppressed, 3 they are considered to be very sensitive to contributions from physics beyond the SM. Mixing of B 0 s mesons is particularly interesting for two reasons. First, the heavy mass of the b quark allows for relatively reliable calculations of mixing parameters. Second, it is sensitive to new contributions in b → s transitions, which are until now relatively poorly constrained.
The subject of this review is the status of experimental constraints on B 0 s mixing. We start with a summary of the neutral meson mixing phenomenology in order to introduce the experimental observables and SM predictions. Subsequently, experimental techniques and existing measurements are discussed. We finish with a conclusion and a brief outlook. 
Beauty mixing phenomenology in a nutshell
Excellent pedagogical introductions to neutral meson mixing can be found in textbooks 4 , recent reviews 5, 6 and lecture notes. 7, 8 An up-to-date review of experimental constraints on B meson mixing can also be found in the PDG. 9 The following discussion applies to neutral mesons of any kind. However, we shall denote the flavour eigenstate with the symbol B 0 for beauty meson and use numerical estimates that apply to B 
Time-evolution of the
Consider the wave function B 0 (t) for a neutral meson that is the superposition of flavour eigenstates B 0 and B 0 . The time-evolution of its projections into flavour eigenstates is given by a Schrödinger equation
Since the meson decays and we do not consider the wave function of final states, the Hamiltonian H is not hermitian. However, like any other complex matrix, it can be decomposed in terms of two hermitian matrices, which we label by M and Γ, 
The mass M 11 is determined by the quark masses and strong interaction binding energy. In the B system it is about 5 GeV and more than ten orders of magnitude larger than the size of the other elements, which all involve the weak interaction. The time-evolution of the meson-anti-meson system is described in terms of the eigenstates of the Hamiltonian. The two mass eigenstates can be written as linear combinations of the flavour eigenstates,
where the subscripts H and L stand for 'heavy' and 'light', q and p are complex numbers and normalization requires |p| 2 + |q| 2 = 1. For q/p = 1 the mass eigenstates correspond to CP eigenstates. On the other hand, if q/p = 1, CP is not conserved in the time-evolution of the B 0 -B 0 system.
The eigenvalues corresponding to the heavy and light states are written as
and are usually recast in terms of the observables
Note that the two eigenstates can have both different mass and lifetimes. By convention the heavy and light solutions are labeled such that ∆m is positive. Using that in the B meson systems |Γ 12 | |M 12 | one finds
As we shall see later, ∆m can be measured by observing an asymmetry in the decay time distribution of B 0 and B 0 , while ∆Γ is obtained by combining lifetime measurements of decays to final states with different CP content. The ratio q/p can be written as
where φ M ≡ arg(M 12 ). For φ 12 = 0, π the absolute value of q/p is different from unity, a case we refer to as CP violation in mixing. Using |Γ 12 | |M 12 | we have for the difference of |q/p| 2 with one
Since the time-evolution of the mass eigenstates follows |B H,L (t) = exp(−iω H,L ) |B H,L (0) , the time-evolution of a B 0 meson produced in a B 0 or B 0 flavour eigenstate at t = 0 can now be written as
with the functions g ± (t) defined as
The probability to observe at time t the decay into a state with a flavour that is the same as (plus sign) or opposite to (minus sign) the flavour with which is was produced is then proportional to
while the time-integrated oscillation probability is given by
Including decay amplitudes
The formalism above only describes the time-evolution of the B 0 -B 0 system and not yet the decay to an observable final state f . For a given final state we define two transition amplitudes
where H is the weak interaction Hamiltonian responsible for the decay. For a meson produced in an initial flavour eigenstate B 0 the decay width to the final state f receives two contributions, namely one from A f and another one from A f where the B 0 first oscillated to a B 0 , schematically depicted in Fig. 2 . The partial decay rate can be written as
where we defined
and
The decay rate for B 0 → f is obtained from this expression by changing the sign of C f and S f and multiplying by an overall factor |p/q| 2 . Similar expressions can be derived for the decay of B 0 to the CP conjugate statef by a suitable redefinition of λ. It is important to note that, in contrast to M 12 , Γ 12 and the elements of the CKM matrix, λ f is a phase convention-independent physical observable. µ shown in Fig. 3 . Under the assumption of no CP -violation in mixing (|q/p| = 1) and no CP -violation in the decay (|A f | = |Af |), we can derive the following expression for the so-called time-dependent oscillation (or 'mixing') probability,
The two terms in the definition of the asymmetry are usually called the 'unmixed' and 'mixed' contribution, respectively. In section 4.1 we discuss measurements of the oscillation probability with flavour-specific final states.
1 There exist alternative notations for these three quantities, in particular
However, be aware that different conventions are used regarding the signs of these quantities.
Alternatively, dropping the requirement on q/p we can form the following CP asymmetry
which is notably time-independent. This asymmetry is called the flavour-specific or semi-leptonic asymmetry. (HFAG denotes this quantity with A sl .) Note the particle and anti-particle labels in this definition: both are 'mixed' contributions. In the B meson system |q/p| is close to one. To translate the measurement of a fs into constraints on φ 12 one often uses the relation
One way to measure a fs is by counting the number of positive like-sign and negative like-sign muon pairs in events in which both b quarks decay semi-leptonically,
As we shall see in section 4.4 the measurement of flavour-specific asymmetry with semi-leptonic and B → Dπ decays provides the best constraints on |q/p| in the B 
where the phase φ M ≡ arg(M 12 ) enters via Eq. 9. The time-dependent CPasymmetry can then be written as
where we introduced the commonly used CP violating phase
By measuring the amplitude of the sinusoid in the time-dependent asymmetry we constrain the phase φ f . Since this phase is related to the phase of M 12 , the CP asymmetry is a direct probe of new contributions to M 12 .
For decays to CP -eigenstates with a single contributing amplitude the phase φ f can be directly expressed in terms of elements of V ckm . In particular, we have for the so-called 'golden modes', that occur through a tree-level b → ccs transition,
where the CKM phases β and β s are defined by
We discuss the measurement of φ Finally, we consider lifetimes. The 'untagged' decay time distribution for a final state f can be obtained from Eq. 16 by setting C = S = 0. The average decay time (sometimes called the 'effective lifetime') is given by
where D f was defined above and y = ∆Γ/2Γ. For flavour-specific modes D f = 0 while for decays to CP -eigenstates with a single contribution amplitude it is D f = −η f cos φ f . In section 4.3 we shall discuss constraints on Γ s and ∆Γ s from various final states.
Standard Model predictions
In the SM the computation of B 0 mixing parameters is performed by evaluating the amplitudes corresponding to the box diagrams shown in Fig. 1 . Since quarks are not free particles, these amplitudes need to be corrected for hadronization effects. The calculations have been the cumulative effort of many people, over a period of over twenty years. (See Refs. 14, 15, 16, 17 and references therein.)
The latest complete computation of the mixing observables can be found in Ref. 16 , with an update of numerical estimates in Ref. 18 . The value of M 12 is obtained from a calculation of the box diagram in Fig. 1 with a virtual top quark in the loop. The result can be expressed as
The part of this expression to the left of η B follows from a computation of the box diagram for free quarks in perturbation theory. It depends on parameters of the SM, such as the Fermi coupling constant G F , the CKM matrix elements The computation of Γ 12 involves the evaluation of the box diagram with 'onshell' internal quarks, the dominant contribution coming from the b → ccs transition. Since the latter is a tree-level transition, Γ 12 is expected to be less sensitive to new physics than M 12 is. It can be written as
where the QCD correction factor η B is of order unity. The SM does not predict the size of coupling constants, quark masses and the elements of the CKM matrix. Consequently, theoretical predictions of mixing observables always rely on other measurements to determine the SM parameters. The latter are usually obtained from global fits to the experimental data that do not include the mixing observables themselves. 
22,23
where the so-called SU (3)-breaking ratio is defined as
The computation of ξ with lattice QCD has meanwhile reached a precision of a few percent. 25 With these expressions one can either test the prediction of ∆m s by using other constraints to estimate V ts /V td (as was done to obtain the results in the table), or use the measurement of ∆m s /∆m d to obtain a precise determination of V ts /V td .
There exists no SM predictions for the B meson masses as these are essentially determined by the quark masses. Although the total decay widths cannot be computed reliably either, their ratio is well constrained and is almost unity in the SM 26,27,18
As we shall see, this prediction agrees well with experimental data. Since uncertainties in this computation rely on similar assumptions as those for Γ 12 the agreement with data is sometimes taken as a sign that the computation of Γ 12 is reliable. The interpretation of the observable φ f in B s → J/ψφ decays in terms of the tree-level quantity φ ccs ignores a small contribution from penguin decays with a different weak phase, such as depicted in Fig. 3d . These contributions may change φ f by up to a few degrees and can be constrained using measurements from other decay modes that are related by flavour symmetries. 28 
Beyond the Standard Model
Many viable TeV-scale extensions of the SM predict new flavour-changing neutral couplings, which in turn affect the mixing parameter M 12 and for instance the rare decay B 0 s → µ + µ − . As different models affect these quantities differently, it is through a combination of flavour measurements that one hopes to identify the correct theory. (For an overview, see Ref. 29 .)
The effect of new contributions to M 12 is usually parametrized by introducing a complex parameter ∆ q such that 30, 31, 16 
If the magnitude of ∆ q differs from unity, this affects the observed mixing frequency. If its phase differs from zero, this affects φ 12 and thereby ∆Γ, a fs and the CP phases extracted from measurements of time-dependent CP violation. For recent evaluations on constraints on ∆ q from B 
Experimental facilities and techniques
The discovery of the Υ (a bb bound state) in decays to µ + µ − by Lederman and collaborators in 1977
35 marks the onset of beauty-quark physics. Although the b quark was first found in a fixed-target experiment, most experimental knowledge comes from two other types of facilities. The first are e + e − colliders with a centreof-momentum energy tuned to the Υ(4S) resonance, a bb state with a mass just above the B Beauty hadrons have also been extensively studied at high-energy colliders, both at e + e − machines (SLD, LEP) and at hadron colliders (SPS, Tevatron, LHC). At these facilities one profits from a larger cross-section, albeit at the expense of a poorer signal-to-background ratio. For example, with a cross-section of about 300 µb, a total of approximately 10 12 bb pairs have been produced in collisions in the first LHC run (2010-2012). However, these need to be extracted from an inelastic background that is a factor 200 larger. As only a fraction of events can be written to permanent storage, the experiments rely on signatures such as J/ψ → µ + µ − decays, detached muons or detached high-p ⊥ hadrons to select the events of interest.
Besides the larger cross-section the high-energy facilities have two advantages: First, all species of b quark hadrons are produced, not only the B have sufficient position accuracy to measure the decay length L, which is typically a few hundred micron at the e + e − B-factories and up to centimeters at the hadron colliders. The decay time in the rest frame of the particle is then obtained from the observed decay length and momentum p in the detector frame,
where m is the rest mass of the particle. At the e + e − B-factories the production point is not reconstructed and one measures the difference between the decay time of the "signal" B and the "tagging" B instead.
The mixing process described above changes the 'flavour' of the meson as a function of its decay time with a frequency governed by ∆m. If one can measure both the flavour at the time of production and the flavour at the time of decay, the decay time distributions for 'mixed' (equal flavour) and 'unmixed' (opposite flavour) events are given by Eq. 13. The observed distributions for B The distribution in Fig. 5 . differs in several aspects from the function in Eq. 13. First, at small decay times, the exponential shape is distorted by inefficiencies in the event selection. In this particular case, the drop in efficiency at small B decay times arrises from a requirement on the minimum distance between the final state tracks and the primary vertex. This selection was applied in order to remove a large fraction of the prompt (zero lifetime) background in an early stage of the event selection. Though less important for the determination of the mixing frequency, calibration of the decay time acceptance is crucial to obtain an unbiased estimate of the lifetime parameters Γ and ∆Γ.
Second, the observed amplitude of the oscillation is much smaller than that expected from Eq. 13. This 'dilution' of the oscillation amplitude is caused by the imperfect determination of the flavour of the initial state and by decay time resolution effects, both of which we now discuss in more detail.
For flavour-specific final states, such as the B The charge of the D s meson (reconstructed in decays to charged kaons and pions) uniquely determines whether the b quark was a b or an anti-b.
The determination of the flavour at the time of the production of the B 0 is performed with a procedure that is called 'flavour tagging'. Two methods of flavour tagging are used. The first method relies on the fact that b quarks are produced in bb pairs. Consequently, at the time of production there are two B hadrons with opposite b flavour in the event. Assuming that the flavour of the other B -called the tag-side or tagging B -can be inferred from its decay products, the initial flavour of the 'signal' B follows. The tagging B is usually not fully reconstructed such that only part of its decay products can be used to identify its flavour. The charge of high p ⊥ leptons and kaons can be used, as well as the total charge of an inclusively reconstructed vertex. This procedure is called 'opposite-side tagging'. Note that one inherent limitation to this method is that approximately half the tagging B hadrons are neutral mesons and hence subject to flavour oscillations as well, leading to mistakes in the flavour tag.
The second method of flavour tagging exploits that the spectator quark (the s (d) quark for B Mistakes in flavour tagging lead to a dilution of the observed oscillation asymmetry, A observed mix
In practice, the dilution factor D appears in front of all sin ∆mt and cos ∆mt terms in the differential decay rates, because it is exactly those terms that change sign between the expressions for an initial b or initial anti-b state. The dilution factor due to flavour tagging is equal to
where w is the fraction of events in which the tag is wrong. Flavour tagging performance is expressed as the so-called effective tagging efficiency or tagging power P = tag D 2 tag where tag is the fraction of events for which a flavour tag could be obtained. Typical values for the tagging power are 30 % at the e + e − B-factories and a few percent at hadron colliders. Besides the imperfect flavour tagging also the effects of finite decay time resolution lead to a dilution effect. For a Gaussian resolution σ t the dilution is given by
The decay time resolution at high-energy machines is in general better than at the B-factories due to the larger boost and reduced effects of multiple scattering. The resolution depends on the final state and is substantially worse for partially reconstructed decays than for fully reconstructed decays. For the latter, it ranges from about 0.6 ps at the asymmetric-energy e + e − factories down to about 0.05 ps at the LHCb experiment with its forward geometry. With these numbers the resolution dilution factor for B 
Mixing frequency
The first evidence of mixing in neutral B mesons was obtained by the Argus experiment in 1987: by counting the relative fraction of mixing and unmixed events the value of the B 0 d mixing frequency ∆m d could be extracted using the expression for the integrated oscillation probability in Eq. 14.
38 As this was an integrated rate the decay time of the candidates did not need to be reconstructed. For B 0 s mesons the oscillation period is so small compared to the lifetime, that the integrated oscillation rate does not provide a meaningful constraint on the mixing frequency. Rather, the measurement of ∆m s is extracted from a fit to the decay time distribution. The first evidence of mixing in B 
36
The systematic uncertainty is determined by the uncertainties in the length scale and the momentum scale, which enter the measurement of the oscillation frequency through the decay time measurement in Eq. 35. The current value of ∆m s is in good agreement with the SM predictions presented in section 2. Assuming the validity of the SM, the value of ∆m s /∆m d provides the best constraint on V ts /V td .
Measurements of the mixing phase through time-dependent
CP violation 
The leading order decay diagrams are shown in Fig. 3 . As explained in Section 2, the CP violating phase φ ccs s is extracted from the amplitude of an oscillation in the flavour-tagged decay time distribution. Starting from Eq. 16 and assuming |λ f | = 1 the latter takes the form
where the plus (minus) sign on the left-hand-side holds for mesons produced in a B The phenomenology of the B 0 s → J/ψφ(1020) decay is more complicated. Since it concerns a decay to two vector mesons (both the J/ψ and the φ have spin one) the final state is a superposition of states with different angular momentum quantum numbers, leading to different values of η f . In order to extract φ s these contributions need to be statistically disentangled using the observed decay angles, requiring a so-called 'time-dependent angular analysis' of the data.
Near the φ(1020) resonance the B 0 s → J/ψφ final state receives contributions from four amplitudes, namely three P-wave amplitudes that belong to the spinone φ → K + K − decays and a small S-wave component, that is partially from
The total decay time distribution can be written as the sum of 10 equations reminiscent of Eq. 40 above, one for each of the four amplitudes, and another six for their interference terms.
Although the angular analysis certainly makes the analysis of the data more complicated, it also has some notable advantages: First, because of the mixture of odd and even final states, the average observed decay time is sensitive to both Γ H and Γ L (or, equivalently, Γ and ∆Γ). Second, as the interference terms contains flavour-dependent sin ∆mt terms with approximately unit amplitude, the decay is to a certain extend self-tagging: In principle one can extract the tagging dilution from the fit to the data without the use of a tagging control channel. In practise, smaller uncertainties are obtained if the tagging dilution is constrained to a control sample. Finally, thanks to these same interference terms, the value of ∆m s can be measured. Note that this allows to extract all mixing parameters from just B 
and dominates the current world average. The main contributions to the systematic uncertainty are from the decay angle acceptance for B 0 s → J/ψφ and from the background model in B 0 s → J/ψf 0 . The expression for the partial width Eq. 40 remains invariant under the substitution (∆Γ q , φ q ) −→ (−∆Γ q , π − φ q ), leaving room for a discrete ambiguity in the result extracted from the data. The SM predicts ∆Γ s > 0 and φ s close to zero. In the expressions for B 0 s → J/ψφ decays, involving both P -wave and S-wave amplitudes, the ambiguity persists, but also involves the (strong) phase differences between the amplitudes. In particular, the relative phase between the P -wave and S-wave amplitude changes sign. Although the relative phase cannot cleanly be predicted, the variation of the phase difference with the K + K − invariant mass, which varies rapidly across the φ(1020) resonance, is well known, 47 allowing the ambiguity to be resolved.
48,49 Using this technique measurements by the LHCb collaboration have shown that only the solution with ∆Γ s > 0 and φ s ≈ 0 is viable, 50 in agreement with the prediction.
Lifetimes
Constraints on the average lifetime Γ s and the lifetime difference ∆Γ s are obtained by combining information from states with different CP content, c.f. Eq. 28. As indicated above the analysis of the vector-vector final state B 
The SM prediction, using for ∆Γ the value in Tab. 2 and for τ (B d system have been obtained using same-sign di-lepton events, measurements, is perfectly compatible with the expectation. A production asymmetry is not a concern at the B factories, but an asymmetry in the efficiency is. This is why these measurements are systematics dominated, even though they have been performed with only a fraction of the B-factory data set. As explained above high statistics measurements in the B 0 s system can only be performed at high-energy colliders. Two types of probes have been used. In the same-sign di-lepton analysis B To reduce the uncertainty from an eventual tracking efficiency asymmetry D0 regularly reverses the magnetic field, a strategy that is also applied by LHCb. Perhaps the most tantalizing sign of physics beyond the SM in B 0 mixing comes from the observation of a non-zero value for this effective asymmetry by the D0 collaboration 63 , shown by the diagonal band in Fig. 7 .
Flavour-specific asymmetry
An important concern in the same-sign di-lepton analysis is the understanding of asymmetries in the non-B backgrounds, for instance in muons from kaon and pion decays in flight. The purity for the signal can be substantially be improved with a more exclusive reconstruction, that also allows for a separation of the B µ X asymmetry 61 . In these analyses the opposite side b hadron is not tagged, leading to a slightly different relation to a fs . Including the effect of an eventual production asymmetry, defined as
the observed asymmetry is related to a fs by
At the Tevatron, a proton-anti-proton collider, the production asymmetry is zero. At the LHC it is expected to be at the percent level, but with large uncertainty. As a consequence of the rapid oscillations, the integral on the right hand side of Eq. 46 is of the order of 1 per mille for B 0 s mesons, which strongly dilutes any contribution from the production asymmetry. This is not the case for B With only a subset of the data from the first LHC run analysed, and more luminosity expected in 2015 and beyond, we can expect significantly tighter constraints in the near future. The increase in available statistics also allows the study of mixing-induced CP violation in more decay modes, such as B 0 s → φφ 64 ,
. Clearly, as statistical precision increases, controlling systematic uncertainties, both experimental and theoretical, becomes more important. Experimental uncertainties in lifetime and a s fs are expected to be dominated by detector effects rather soon. On the other hand, combinations of CP violation and branching fraction measurements for different channels, will help to reduce theoretical uncertainties due to subdominant amplitudes and nonperturbative effects.
Finally, we can expect another jump in precision near the end of the decade. The upgrade of the KEKB accelerator and Belle detector are well under way, with the start of data taking planned for 2015 65 . The LHCb collaboration is preparing an upgrade that allows for a 10-fold increase in integrated luminosity, to be collected in a five year period starting approximately in 2019 66 . These flavour physics facilities are both competitive with and complementary to the direct searches for new forces and particles in high energy collisions.
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